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II. A SYSTEM OF DEMAND RELATIONSHIPS
Let p and q denote respectively a price and a quantity vector and let ,u 3 p'q denote total expenditure. Consider the system of relationships 11 A~~~~~~~~~~~1 pq _ pq + b(t-p'q)..***(1 In (1), q may be identified with a vector of quantities to which consumers are in some sense committed and b denotes a vector of constants which sum to unity. Then, on the hypothesis (1), the expenditure on the ith commodity (or group) is equal to a certain basic consumption, qi, valued at current prices plus a certain proportion, bi, of supernumerary income, measured here by total expenditure, t, less total committed expenditure, p'q.
From a common-sense point of view (1) may seem a reasonable first approximation to a law of demand. For, on the assumption that tu > p'q, it entails that consumers first use up a certain amount of their income (here total expenditure) in acquiring the consumption vector q at current prices, whatever these may be, and then distribute their remaining income over the set of available commodities in certain fixed proportions given by the elements of b.
If q is the null vector, then ( The vector fiq has as elements the expenditures on individual commodities or groups. Equation (2) states that each of these expenditures is proportional to t. The system (1) underlies the Klein-Rubin constant utility index of the cost of living [3] , and its properties have been examined by Samuelson [4] . It may be written in the form q i-1{bk + (bi' -I)p} . . . . (3) where i is the unit vector, I is the unit matrix and c -This expression when premultiplied by fi reduces to (2) if c is the null vector.
If (3) is premultiplied by p it yields a system in which expenditures on individual commodities are expressed as linear functions of total expenditure and prices. Such a system is here termed a linear expenditure system. The system (3) is a restricted form, since in it the coefficients of the price ratios depend only on 2m -1 independent parameters instead of the m2 -1, where m is the number of commodities, which would be involved in the general case. However, it is the most general linear expenditure system which is compatible with three conditions frequently imposed on demand systems in theoretical work. These conditions may be stated as follows.
(i) Additivity. This implies that the sum of the expenditures as given by the system is identically equal to total expenditure, or that p'q-.(4) (ii) Homogeneity. This implies that for each commodity the sum of the total expenditure (or income) elasticity and all the price elasticities is identically zero, or that Thus condition (ii) places no further restrictions on b and B.
It will now be shown that condition (iii) restricts the form of B.
From ( 
IV. AN APPLICATION OF LINEAR EXPENDITURE SYSTEMS, SIMPLE AND MIXED
In this section the results are given of analyses of a system of six commodity groups among which the total of consumers' expenditure per equivalent adult has been divided. The methods used were described in the last section and the data to which they were applied relate to the United Kingdom over the years 1920 to 1938. The groups chosen were as follows:
(1) meat, fish, dairy products and fats; (2) fruit and vegetables; (3) drink and tobacco; (4) household running expenses such as rent, fuel and light, non-durable household goods and domestic service; (5) durable goods of all kinds such as clothing, household durables and vehicles together with transport and communication services; (6) all other consumers' goods and services.
The first step was to apply simple systems to these commodity groups with results shown in the following table. In this table the figures in the columnns headed r are the sample correlations between the actual and the calculated expenditures. It can be seen that on the whole the more sophisticated model which involves twelve parameters provides somewhat higher correlations in almost all cases than the naive model, which involves only six parameters. For one commodity group in each set, the correlation using one model is markedly superior to that obtained from the other. Thus for group 3, drink and tobacco, the naive model yields a correlation of 095, while the more sophisticated model yields a correlation of only 057. There are two main reasons for this effect. In the first place the value of b3 in the naive model is much larger than the corresponding value in the more sophisticated model. In the second place, in the latter the value of -p'c is rather large, with the result that supernumerary income, (,u + p'c), is very different from total expenditure, P. In fact, supernumerary income moves very like total expenditure at constant prices and not like total expenditure at current prices.
If the two sets of correlations are compared it can be seen that the more sophisticated model provides clearly the better description of actual expenditures for commodity groups 1, 2 and 4 and clearly the worse one for group 3. For groups 5 and 6 the correlations are high on either model and there is not much to choose between them.
It is these facts that suggest the possible advantage of a mixed system employing the naive model for certain groups and the more sophisticated model for the remainder. Such a combination of the systems is not compatible with a symmetric substitution matrix, but represents a possible type of behaviour which can readily be expressed in words. Thus suppose groups 3, 5 and 6 are described by means of the naive model while groups 1, 2 and 4 are described by means of the more sophisticated model. Under this scheme, consumers lay out certain fixed proportions of their total expenditure on groups 3, 5 and 6, while for the remaining groups they purchase a certain fixed quantity at current prices and then spread the balance of their expenditure over these remaining groups in certain fixed proportions.
In the following tables the results obtained from three such mixed systems are given. The first, referred to as (1, 2, 4 The figures in the b-columns call for some explanation. For purposes of comparison with one another and with the corresponding columns of Table I they have been made to sum to unity. If there were no errors in the cases described by the naive model this would be quite straightforward, since ,* would be exactly proportional to ,. The existence of such errors is ignored and the original bi based on the more sophisticated model, which themselves sum to unity, are multiplied in the above table by unity minus the sum of the bi based on the naive model.
In Table II Under free-market conditions in which consumers are able to adjust their purchases as they wish subject to the budget constraint, it is to be expected that observed price-quantity points will lie close to the demand curve as shown in the top right-hand portion of the diagram, since the possibility that price or quantity might be negative can be excluded. What is meant by " close " must depend on a consideration of the magnitude of the disturbances in the relationship; it is not to be expected that the particular simple formulations used here, or indeed any other practically attainable formulations will, in all circumstances, exactly reproduce what is observed. Apart from this sort of consideration, however, it can be seen that the system is incapable of representing a situation in which the actual quantity demanded, qi, is less than Gi for in such a case the relevant portion of the demand curve is to be found in the bottom left-hand portion of the diagram in which prices are always, and quantities are sometimes, negative. But 6i is simply a certain proportion, (1 -bi), of the fixed quantity, -c, assumed to be demanded in the system. A similar difficulty can arise in a different way. It is to be expected that, for the values of ,u and p which occur in the period over which b and c are determined, the yi will in all cases be found to be positive; indeed, if this is not the case the whole system is hardly capable of an economic interpretation. However, given c, it is always possible that in some other period p, will be so small that the y7 are negative.
This means that the demand curves will lie in the north west and south east quadrants of the diagram. Evidently in such a situation any attempt at projection is likely to give extremely capricious results.
These considerations point to an important limitation of the system, namely that it is not likely to provide a good description of actual behaviour where the elements of q become small compared with the corresponding elements of -c.
But unless the elements of -c can be interpreted as some sort of Malthusian minima, it is clear that in different circumstances, say when they were collectively poorer, consumers might in fact no longer feel themselves committed to these basic quantities. If in such a case the question is asked " at what price would the average inter-war consumer have been persuaded freely to buy the actual quantity bought," the more sophisticated system may provide the nonsensical answer " at a negative price " for the reasons that have just been given. - These results seem decidedly encouraging, representing as they do a projection over a twenty-year period, in the course of which
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a complete upheaval in money values had taken place. The relatively unsatisfactory groups are drink and tobacco (3) and durable goods and transport services (5). In the case of (5) it is obvious that the variety of goods and services available was much larger in the inter-war years than it was in 1900; for example, motor-cars, motor-bus and coach services and many forms of electrical household equipment were virtually non-existent at the beginning of the century. In the case of (3) the major changes in consumption habits over the period is a commonplace of social history. Accordingly, it is not a matter of surprise that the average inter-war consumer, set down in the conditions of 1900, would have wanted to buy less alcohol (partially offset by more tobacco) and more durable goods and transport services than did his counterpart at the time. Thus while the departures of the various models from an accurate description of conditions in 1900 are readily explicable, the fact that they exist suggests the need for some such extension of the theory as was suggested in (46).
VI. PROJECTIONS
FOR 1952 By using the official estimates contained in [6] and [7] it is possible to make calculations similar to those set out in Table III  for In practice, of course, the position is somewhat more complicated. It may be the case that changes in tastes have occurred or that changes in the distribution of income have affected demand in a way which cannot be reflected in the demand systems adopted in this paper. War-time shortages clearly led to an abnormal demand for consumers' durable goods immediately after the war, though it may be doubted if much of this influence persisted to 1952. Allowances for such factors as these, which are not taken into account in the present analyses, would have to be made in a realistic appraisal of possible changes, and could in part, at least, be made on the lines suggested in the preceding section. The analyses given here provide only a framework in which some but not all market influences are taken into account.
The following table shows for the demand systems considered The figures in the rows of Table IV apart from group (3) are consistent as regards sign, but otherwise show considerable variability. As has been seen in the preceding section, a mixed system appears in the absence of the complications suggested in (46) to be preferable to a simple system in describing the observations.
As was expected, inter-war consumers, faced with elastic supplies under the 1952 income and price situation, would certainly want to purchase more of groups (1) and (4), that is meat and fats and the various goods and services, such as fuel and accommodation, involved in running their homes. In order to do this they would have been prepared to cut down fairly drastically on drink and tobacco (except on the more sophisticated model), and in a more moderate way on the miscellaneous group (6). The adjustments they would have wished to make to their purchases of fruit and vegetables and of durable goods and transportation services appear to be moderate.
This picture represents an extreme in which all adjustments fall on quantities. If, however, supplies were perfectly inelastic at 1952 prices, then the whole of the adjustment would fall on prices. The adjustments which might be expected of the inter-war consumer are shown in the following table based on (48). This can also be presented as a system of expenditure adjustments given 1952 prices and total expenditure, as can be seen by premultiplying both sides of (48) by q. same as the corresponding quantity adjustments in Table IV , but for other models the figures are, in general, different. These results do not, of course, make it possible to calculate the price and quantity levels which would have been attained if interwar consumers had been faced with 1952 total expenditures under free-market conditions. To do this it would be necessary to estimate responses on the side of supply, and this is outside the scope of this paper.
VII. CONCLUSIONS
A number of conclusions emerge from this paper; some theoretical, others practical, in character.
(1) It is possible, by means of the simple expenditure system, to establish a system of demand relationships which satisfy a number of theoretical conditions. This possibility has been noticed in the literature.
(2) The simple expenditure system may take a special and a general form. The special form, in which the expenditure on any commodity is a fixed proportion of total expenditure, is equivalent to the treatment of households in a closed Leontief model.
(3) The general form, which permits each price to be introduced into each demand equation, may be expected to give better results than the special form. Unlike the-latter, however, it cannot describe situations in which the quantities demanded are below certain levels.
(4) This limitation of the general form can in principle be overcome if a theory of the limiting quantities can be developed. A method involving the introduction of irreversibilities which depend on the past history of consumption is suggested but not applied.
(5) In the absence of the complication suggested under (4), it appears that mixed systems in which some commodities are described by the special form and the remainder are described by the general form limited to them yield better descriptions of actual behaviour than either simple system. (6) A projection for 1900 yields encouraging results. In the two cases where the discrepancy between actual and calculated consumption is at all large there are good reasons for supposing that changes in tastes and habits were important. This points to the significance of the considerations advanced under (4).
(7) In these systems the ratio of parameters to be determined to the number of observations available is independent of the number of commodity groups among which total expenditure is divided. The method of estimation proposed here is an iterative procedure, and more work is in hand on the convergence properties of the method and on the statistical characteristics of the estimates. It is, however, unaffected by certain obvious transformations of the variables.
(8) The commodity groups chosen in the example given are very broad and far from satisfactory. Further analyses will be undertaken with smaller groups, and in this the possibilities of analysing the sub-groups of main groups will be exploited.
(9) The procedure illustrated here provides a basis and framework which is useful in thinking about possible adjustments to freer market conditions. More cannot be claimed, since use is made of the concept of the inter-war consumer, and no examination is made of the prevailing conditions of supply.
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